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Abstract. The inclusion relations between the L p -Sobolev spaces 
and the modulation spaces is determined explicitly. As an appli- 
cation, mapping properties of unimodular Fourier multiplier e 2 ' 15 ' 
between L p -Sobolev spaces and modulation spaces are discussed. 



1. Introduction 

The modulation spaces M p,q are one of the function spaces intro- 
duced by Feichtinger [I] in 1980 's to measure the decaying and reg- 
ularity property of a function or distribution in a way different from 
L p -Sobolev spaces L p s or Besov spaces B^' q . The precise definitions of 
these function spaces will be given in Section [2j but the main idea of 
modulation spaces is to consider the space variable and the variable of 
its Fourier transform simultaneously, while they are treated indepen- 
dently in L p -Sobolev spaces and Besov spaces. 

Because of this special nature, modulation spaces are now considered 
to be suitable spaces in the analysis of pseudo-differential operators af- 
ter a series of important works [3], [7], [SJ, [H], [12], [32] and so on. 
On the other hand, modulation spaces have also remarkable applica- 
tions in the analysis of partial differential equations. For example, the 
Schrodinger and wave propagators, which are not bounded on neither 
U nor BP ,g , are bounded on Mf ,<? ([2]). Modulation spaces are also 
used as a regularity class of initial data of the Cauchy problem for non- 
linear evolution equations, and in this way the existence of the solution 
is shown under very low regularity assumption for initial data (see [2"T] . 

In the last several years, many basic properties of modulation spaces 
are established. In particular, the inclusion relation between Besov 
spaces and modulation spaces has been completely determined. Let us 
define the indices Vi(p, q) and ^{p, q) for 1 < p, q < oo in the following 
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way: 





1/p + l/q- 1 
-1/p + l/q 



1/p + l/q -1 
-1/p+l/q 



if {i/ P ,i/q)er 1 

if (l/p, l/q) e r 2 

if (i/ P ,i/q)er 3 

if (l/p, l/q) E h 
if (l/p, l/q) E h 
if (l/p, l/q) E h 



min(l/p, l/p') > 1/g, 
min(l/g, 1/2) > l/p', 
min(l/g, 1/2) > l/p, 

max(l/p, l/p') < l/q, 
max(l/g, 1/2) < l/p', 
max(l/g, 1/2) < l/p, 



where l/p + l/p' = 1 = l/q + l/q'- We remark v 2 (p,q) = —^i(p',q') 





1/2 



1 l/p 



1/2 



1 l/p 



Then the following result is known: 

Theorem 1.1 (Sugimoto-Tomita [15J, Toft [IK]). Let 1 < p,q < oo 
and s G R. Tnen we have 

(1) B P ' q (R n ) ■=— >■ M p > 9 (R n ) i/and on/y z/s > nvi{p,q); 

(2) M M (R n ) m> BP- ? (R n ) a/and on/y i/s < nv 2 (p,q). 

As for the inclusion relation between ZASobolev spaces and modula- 
tion spaces, the following result (see also [19]) is immediately obtained 
from Theorem 11.11 if we notice the inclusion property L p s+S ■=->■ 5f ' 9 c ->- 
L^_ e for e > (see, [20, p.97]): 

Corollary 1.2. Let 1 < p, q < oo and s£R. Then we have 

(1) L p (R n ) ^ M p ' q (R n ) ifs > nv 1 (p,q). Conversely, if L p (R n ) m> 
M p ' q (R n ), then s > nv x (p, q); 

(2) M p ' q (R n ) <—} L p s (R n ) ifs < nv 2 (p,q). Conversely, ifM p ' q (R n ) ^ 
L p (R n ), then s < nv 2 (p,q). 
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But in Corollary 11.21 there still remains a question whether the crit- 
ical case s = nvi(p,q) or s = nu 2 (p, q) is sufficient or not for the 
inclusion. The objective of this paper is to answer this basic question 
and complete the picture of inclusion relations between the L p -Sobolev 
spaces and the modulation spaces. The following theorems are our 
main results: 

Theorem 1.3. Let 1 < p, q < oo and s e R. Then L p (R n ) 
M p ' q (R n ) if and only if one of the following conditions is satisfied: 

(1) q > p > 1 and s > nui(p, q); 

(2) p > q and s > nui(p, q); 

(3) p — 1, q — oo, and s > nfi(l, oo); 

(4) p = 1, q oo and s > nvi(l, q) . 

Theorem 1.4. Let 1 < p,q < oo and s e R. Then M p ' g (R n ) ^ 
L p (R n ) if and only if one of the following conditions is satisfied: 

(1) q < p < oo and s < nu 2 (p, q); 

(2) p < q and s < nu 2 (p, q); 

(3) p = oo, q = 1, and s < nu 2 (oo, 1); 

(4) p = oo, q 7^ 1, and s < nu 2 (oo, q). 

It should be mentioned that Kobayashi-Miyachi-Tomita [10] deter- 
mines the inclusion relation between modulation spaces M p,q and local 
Hardy spaces h p for < p < 1. Our main results extend this result 
to the case p > 1 since we have h p = LP then. As a matter of fact, 
the proof of Theorems 11.31 and 11.41 heavily depends on the results and 
arguments established in [TO] . 

As an application of our main theorems, we also consider mapping 
properties of unimodular Fourier multiplier e^ D ^ a ,a > , which is a 
generalization of wave (a = 1) and Schrodinger (a = 2) propagators. 
See Corollaries 15.21 and 15.41 in Section 5. As Theorem A and Theorem 
B there say, the operator e l ' D ' Q (0 < a < 2) is bounded on modulation 
spaces while not on L p -Sobolev spaces. Theorems 11.31 and 11.41 help 
us to understand what happen if we consider the operator between 
L p -Sobolev spaces and modulation spaces. 

We explain the organization of this paper. After the next prelimi- 
nary section devoted to the definitions and basic properties of function 
spaces treated in this paper, we give a proof of Theorem II .41 in Sections 
3 and 4. We remark that Theorem 1 1.31 is just the dual statement of The- 
orem [LH In Section 5, we consider mapping properties of unimodular 
Fourier multipliers between L p -Sobolev spaces and modulation spaces, 
as well as those of invertible pseudo-differential operators. 
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2. Preliminaries 

2.1. Basic notation. The following notation will be used through- 
out this article. We write 5(R n ) to denote the Schwartz space of 
all complex-valued rapidly decreasing infinitely differentiable functions 
on R n and <S'(R n ) to denote the space of tempered distributions on 
R n , i.e., the topological dual of 5(R n ). The Fourier transform is de- 
fined by /(£) = J Rn f{x)e~ lx '^dx and the inverse Fourier transform by 
f v (x) = (2n)- n f(-x). We define 

\\f\\L P =([ \f(x)\ p dx) 1/P 

for 1 < p < oo and ||/|| Loo — gss. sup^^j^n jy^x)]. Wg cilso define th.6 
L p -Sobolev norm || • \\ l p by 

II/IIl ? = II((-)7(-)) v IIl, with (-) = (i + |-| 2 ) 1/2 . 

Let (X, || ■ || x) and (Y, || ■ ||y) be two Banach spaces, which include 
iS(R n ), respectively. We say that an operator T from X to Y is 
bounded if there exists a constant C > such that ||T/||y < C||/||x 
for all / G iS(R n ), and we set 

\\T\\ X _ Y = BU P {||r/||y | / G S(R B ), \\f\\ X = 1}. 

We use the notation / < J if / is bounded by a constant times J, and 
we denote I ~ J if I < J and J < I. 

2.2. Modulation spaces. We recall the modulation spaces. Let 1 < 
P, q < oo, s G R and y> G <S(R n ) be such that 

(1) supp <p C [-1, l] n and ^2<p(£-k) = l for all £ G R n . 

Then the modulation space Mf' 9 (R n ) consists of all tempered distri- 
butions / G iS'(R n ) such that the norm 

fceZ" ,7R " 

is finite, with obvious modifications if p or q = oo. Here we denote 
V {D-k)f{x) = ^{--k)%)Y{x). 

We simply write M p > q (R n ) instead of M£' 9 (R n ) when s = 0. The 
space Mf' 9 (R n ) is a Banach space which is independent of the choice 
of if G 5(R n ) satisfying (jTJ (|H Theorem 6.1]). If 1 < p, g < oo, then 
S(R n ) is dense in Mf- 9 (R n ) ([U Theorem 6.1]). If 1 < p x < p 2 < oo, 
1 < qi < q2 < oo and s 1 > s 2 then Af£'«(R n ) M> A/*f' m (R n )([3J 
Proposition 6.5]). Let us define by A^^ ? (R n ) the completion of <S(R n ) 
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under the norm || • || Af p.g. The dual of A4 p,q (Tl n ) can be identified with 
M p j/{R n ), where l/p + l/p' = 1 = 1/g + l/q'. If 1 < p,q < oo, 
then M™(R n ) = M p > q (R n ) ([H Lemma 2.2]). Moreover, the complex 
interpolation theory for these spaces reads as follows: Let < 9 < 1 
and 1 < pi,p 2 , qi, q 2 < oo, s lt s 2 G R. Set l/p = (1 - 6)/p 1 + 6/p 2 , 
l/q = (l-9)/ qi +6/q 2 and s = (l-6) Sl +ds 2i then {M™, M p ^) [e] = 
M p s ' q (H Theorem 6.1], [211 Theorem 2.3]). 
We recall the following lemmas. 

Lemma 2.1 ([4, Proposition 6.7]). Let 1 < p < oo, l/p + l/p' = 1 and 
s£R. Then 

Mf min(p ' p,) (R") ^ L p (R n ) Mf' max(p ' p,) (R"). 

Let U\ : f(x) h-» /(Ax) be the dilation operator. Then the following 
dilation property of M p ' 9 is known. 

LEMMA 2.2 ([151 Theorem 3.1]). Let 1 < p,q < oo. We have, for 
C 1 ,C 2 >0, 

\\U x f\\ M ™ < CiA^^II/H^, VA > 1,V/ G M™(R n ), 
\\Uxf\\ M p« > C 2 X n ^\\f\\ MP , q , VA > 1,V/ G M™(R n ), 

{-l/p if (l/p,l/q) G II : min(l/p, l/p') > l/q, 

l/q - 1 if (l/p, 1/g) G I 2 * : min(l/g, 1/2) > l/p', 

-2/p + l/q if (l/p, 1/g) G J| : min(l/g, 1/2) > l/p, 

f-l/p if (l/p, l/q) G Ji : max(l/p, l/p') < l/q, 

/i 2 (p, g) = I l/q - 1 if (l/p, 1/g) G J 2 : max(l/g, 1/2) < l/p', 

[ -2/p + 1/g if (l/p, 1/g) G J 3 : max(l/g, 1/2) < l/p. 

2.3. Besov spaces. We recall the Besov spaces. Let 1 < p, g < oo and 
s G R. Suppose that V'ojV' e «S(R n ) satisfy supp ipQ <Z \ |£| < 2}, 
supp V C {£ | 1/2 < |d < 2} and ^o(0 + Y^xW/V) = 1 for all 
£ G R n . Set ^(-) = V(-/2^') if j > 1. Then the Besov space BJ'*(R n ) 
consists of all / G S'(R n ) such that 

/ oo \ Vs 

11/11^ = ^g^||(/(.)^(-)) v IILj <~, 

with usual modification again if g = oo. 

The dual of B™(R n ) can be identified with B^'/(R n ), where l/p + 
l/p' = 1 = 1/g + 1/g'. 
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2.4. Local Hardy spaces. We recall the local Hardy spaces. Let 
< p < oo, and let * G <S(R n ) be such that J Rn ty(x) dx ^ 0. Then 
the local Hardy space h p (R n ) consists of all / G 5'(R n ) such that 



hp 



sup |* t */| 

0<t<l 



< oo, 

LP 



where %(x) = r n ^(x/t). We remark that h l (K n ) L 1 (R") (0 
Theorem 2]), #>(R n ) = L p (R n ) if 1 < p < oo ([5, p.30]), and the 
definition of h p (R, n ) is independent of the choice of ^ G 5(R n ) with 
J Rn ty(x) dx 7^ ([51 Theorem 1]). The complex interpolation theory 
for these spaces reads as follows: Let 1 < p\,p2 < oo and < 9 < 1. 
Set l/p = (1 - 6)/p 1 + 0/pa, then h P2 ) m = h p ([201 P-45]). 

Lemma 2.3 ([TO]). Let 1 < g < oo and s G R. Then /i^R") m> 
M s 1,9 (R n ) if and only if s < —n/q. However, in the case q ^ oo, 
L 1 (R Tl ) Af a 1,9 (R n ) on/y i/s < -n/g. 

3. Sufficient conditions 

We prove the if part of Theorem 11.41 First we remark the following 
fact: 

Lemma 3.1. Let 1 < p < 2, p < q < p' and s < -n(l/p + l/q—l). 
Then L p (R n ) m> Mf«(R n ). 

Proof of Lemma EZB We note that L 2 (R n ) = M 2 - 2 (R n ) and, by 
Lemma 12.31 

h\R n )^M^ n/q (K n ) 
for 1 < q < oo. The complex interpolation method yields 

L p {n n )^MZ [1/p+l/q ^ n ), 

which gives the desired result. □ 

Proof of Theorem 11.41 ( "if" part). Suppose q < p and s < nu 2 (p, q). 
If q < min(p,p'), then s < nu2(p, q) = and we have 

M p ' q (R n ) Mf' min(p ' p,) (R n ) L^(R n ) 

by Lemma 12.11 If 2 < p < oo and p' < q < p, then s < nv 2 {Pi q) = 
n(l/p+ l/q — i) and we have M p ' q (R n ) ^ L p (R n ) again by the dual 
statement of Lemma 13.11 Thus we have the sufficiency of conditions 
(1) and (3). Conditions (2) and (4) are sufficient by Corollary 11.21 □ 



4. Necessary conditions 

We prove the only if part of Theorem ll.4[ For the purpose, we 
prepare lemmas I4.1H4.4I whose proofs are repetitions of arguments in 
US: 



LEMMA 4.1. Let 1 < p, q < oo, p < q and s G R. // Mf ,<? (R n ) 
LP(R n ), then s > n(l/p -l/q). 

Lemma 4.2. Let 1 < p, q < oo and s G R. If M^ q (R n ) ^ L p (R n ), 
then 

\\{c k }\\i P <\\{(i + \k\yc k }\\ eq 

for all finitely supported sequences {ck}k&z n {that is, = except for 
a finite number of k 's). 

Proof of Lemma l4~2l Let n e S(R n ) \ {0} be such that suppr/ c 
[—1/2, l/2] n . For a finitely supported sequence {ce}i & z n , we set 



iez n 



Let (f G 5(R n ) be satisfying (TI]). Since 

eez n 

we see that 

(2) <p(D-k)f(x) — ^Qe^ 2 / &*-*<<p{i-k)Tj{£-e)d1-. 
Using 

(1 + \x - y\)- M (1 + \y\)- M dy < (1 + \x\y M , 



'R™ 

where M > n, and 



we have 



(x - IT [ e i{x ~ iH ip{£ - k) ri{Z - t) d£ 

, J R n 



(3) 



R 



< Cat 1+ x-£ - JV 1+ fc- 



-Nf-i , |;„ «|\-AT 
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for all N > 1. Let N be a sufficiently large integer. Then, by (E|) and 



\9 



(D-k)f(x)\<J2jl 



eez r > 









(1 + 


x-£\) N ( 


f + 


k-£\) N 



which provides 

-*>'«» S£7r + 1* -fly*' 



-JV i 



eez n 



+ life-^IF' 



Then, since 



Mr HI{(i + W)1^d-^)/MIU 



< 



< 



E(I 



(l + life-^D^-H 



we have by Young's inequality 

(4) l|/llM-<||{(l + i^|) s Q}|k 

On the other hand, since supp rj(--£) C £+ [-1/2, l/2] n for all £ e R", 

we see that 



LP 



(5) 



R» 



J2 c e e ie - x r]{x-£) 



£ez n 



\ i/p 

dx 



I \cee ie - x r](x-£)\ P dx 



i/p 



\V\\Lp\\{ce] 



for p 7^ oo. We have easily the same conclusion for p = oo. By our 
assumption Mf'«(R n ) e — >■ I7(R n ) and ©-©, we have 

II{q}||„<||/||l,<||/IU/-<II{(i + I^I) s q}||„. 

The proof is complete. 

□ 

Proof of Lemma l4"TTl Suppose Mf ><7 (R") L p (R n ). By Lemma 
14.21 we have 

i/p 



EN P £ll{(i + l*|)'c fc }||* 



for all finitely supported sequences {ck}k&z n - Setting Ck = (l+\k\) s \d k \ l / p , 
we see that it is equivalent to 

X;(!+wr s?, Ki<ii{4}iu 

itez™ 

for all finitely supported sequences {dk}kez n - Hence we have 



J2(i + \k\r p d k 



ll{(l + l^l)^ P }|l^)'=sup 

fcGZ" 

where the supremum is taken over all finitely supported sequences 
{dk}kez n such that ||{<4}||^/p = 1- Note here that (q/p)' < oo from 
the assumption p < q. Hence p, q, s must satisfy sp(q/p)' > n, that is, 
s > n(l/p — 1/q). 

□ 

Lemma 4.3. Let 1 < q < p < oo and seR. If L p (R n ) ^ M^ q (R n ), 
then s < —n(l/p + 1/q — 1). 

Lemma 4.4. Let 1 < p, q < oo and s G R. If L p (R n ) m> Mf'<?(R n ), 

1/9 



<j/p 

fc^O \|fc|/2<|£|<2|fe| / Vfc^O 



1/p 

Cfcf ' 



for all finitely supported sequences {ck} fcez™\{o} ■ 

Proof of Lemma 14.41 Let < 5 < 1 and a g S(R n ) be such that 

supp a C [-5/8,S/8} n , \\a\\ L <*> < L and |a(£)| > C > on |f| < 2 

(see, for example, [TUl Lemma 4.3]). For a finitely supported sequence 
{c„} teZ "\{o}, we define / G S(R n ) by 

/(x) = ^Q|^a(l^l(^-^))- 

We first estimate ||/||lp- Since 

supp a(\£\(- -£)) c £+ [-5/(8\£\),8/(8\£\T, 

we have 



p 

LP 



R» 



p 

dx 



j ^|Qn£r|a(|£|(x-£))|^x=||af LP ^ 
■' Rn ^0 1^0 



\ce\ p - 
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Next, we estimate We note the following facts: 

Fact 1. Let G S(R n ) be such that f = 1 on [-5/4,5/4]", supp ^ C 
[-35/8,35/8]™, and |§| > C > on [-2,2]™. Then we have 

52(i+\k\r\\f*(M k n\ 9 i 



m': 



I LP 



where M k ^(x) = e ik - x ^(x). 
Fact 2. For all i ^ 0, we have 



supp a(\£\(--£)) c£+[-5/8\e\,5/8\e\] n c £ + [-5/8, 5/8]". 
Fact 3. For all x G to + [-5/8, 5/8]", to G Z", we have 

supp *(i-.)ci + [-35/8, 35/8] n c to + [-5/2, 5/2] n . 
From these facts, we have 
||(M fc ^) * f\\ p LP 

> V / |(M fc *)*/(a;)| p da; 



E 
E 



R > 



e *(*-y) ^(a; _ y ) Y^c t \£\"a(\e\(y - £)) 



dx 



/ e lfe '2/ \&(x — y) c m \m\ p a(\m\(y — to)) dy 



dx. 



If x G to + [—5/8, 5/8]" and y G supp a(|m|(- — to)), then 

x - y G (m + [-5/8, 5/8]") - (to + [-5/8, 5/8]") = [-5/4, 5/4]", 
and so ^(x — y) = I. Hence, 

/ e - lk -v -qj^x _ Cm | m | p a(|m|(y — to)) dy 

In Jpn 



E 



m+[- 



m+[-|,|] 



= E 

m^O 



/ e c m |to| p a(|m|(y — to)) dy 



dx 



Cm TO p 771 a 



k 

1 771 1 



fc 

to| 
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Moreover, using |a(£)| > C > for all 1/2 < |£| < 2, we obtain 
||(M fc *)*/||^ > (5/ArJ2\ c m\ P H n - pn \a{k/\m\)\* 

m^O 

> (5/4)" \c m \ p \m\ n - pn \a{k/\m\)\ p 

\k\/2<\m\<2\k\ 

> \Cm\ P M n - pn >\k\ n - pn l C -! P 
|fc|/2<|m|<2|fc| |fe|/2<|m|<2|fe| 

for all k ^ 0. Then 

, 1/9 

, 52{l + \k\)«MM k 9)*f\\L 
kez n 



q/p' 



1/9 



> {I> + i*iH i*r pn E 

fc^O V |fc|/2<M< 2 l fc l 



q/p' 



i/q 



> J y^[fe|(n(l/p-l)+j)g 

fc^O y|fc|/2<H<2|fe| 



Cr, 



Therefore, by our assumption L p (R n ) > Mf ,9 (R n ), we have 



1/9 



|^|("(1/p-1)+^)9 ^ 
k^O y|fe|/2<|m|<2|fe| 



IP 



^ l/p 

< II/IIm- < II/IIl, < (EN" 1 



□ 



Proof of Lemma [431 Suppose that s > —n(l/p + l/q — 1) contrary 
to our claim. Noting that q/p < 1 from the assumption q < p, take 
e > such that (1 + e)q/p < 1 and define {ck}kez™\{o} by 



|fc|-^(log|A;|)" (1+£)/p i/ \k\>N, 
z/ |fc|<JV, 



where N is a sufficiently large. Note also that {\k\ n ^ r (log\k\) a ^ r }\k\>N G 
f if a > 1, and {|A;|-"/ r (log |&|)~ a/r }|fc|>jv ^ f if a < 1, where r < oo 
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(see, for example, p2J Remark 4.3]). Thus 



i/p 



Ekr = E (i^r n/p dog|A;ir (i+£)/p ) p <oo. 



>^0 / [ \k\>N 

On the other hand, 



1/9 



(\ i/p 
E n p ) [ =o °- 
|fc|/2<|£|<2|fc| y 

In fact, since n(l/p — 1) + s > —n/q and (1 + e)q/p < 1, we see that 



9/p" 



1/9 



|^|(n(l/p-l)+ S ) 9 ^ 
k^O V |fc|/2<|£|<2|fc| 



v 



q/p 

>{ E \k\w i/p - i)+s)q j e (i^r n/p (iogi^i)- (i+£)/p ) p ' 

|fc|>2A r \|fe|/2<|£|<2|fc| 

I ■/ 

> E |A;| (n(1/p_1)+s)9 (log|A;|)- (1+£)9/p 

k\>2N 

>( E (i^r n/9 (iogi^i)- {(1+e)9M/9 ) 9 } =oo. 

However, this contradicts Lemma 14 .41 



1/9 



□ 



Proof of Theorem 11.41 ("only if" part). Suppose M p,9 (R n ) 
L^(R n ). Then we have s < nu 2 (p, q) by Corollary 11.21 Particularly in 
the case p < q, we have s < —n(l/p — 1/q) = nu 2 (p,q) for p < 2 by 
Lemma I4~TI and s < —n(l/p' + 1/q' — 1) = n(l/p+ 1/q—l) = nu 2 (p, q) 
for 2 < p by the dual statement of Lemma 14.31 In the case p = oo, 
since < M°°'9(R n ) ^ M°°>«(R n ) ^ L^°(R n ), we have 

L^ s (R n ) ((L^(R™))*)* = (L^(R n ))* (M°°' 9 (R n ))* = M 1,9 '(R n ) 

which means that L 1 (R n ) <^-> M* ,9 '(R n ). Then we have s < —n/q' = 
n(l/q — 1) = nu 2 (oo,q) for g 7^ 1 by Lemma [2731 All of these results 
yields the necessity of conditions (1)— (4). □ 
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5. Applications 



5.1. Unimodular Fourier multiplier. We consider the unimodular 
Fourier multiplier e^ D ^ a ,a > 0, defined by 



The operator e l ' D ' a has an intimate connection with the solution u(t, x) 
of initial value problem for the dispersive equation 



(t, x) G R x R™. The boundedness of e*' D ' a on several function spaces 
has been studied extensively by many authors. Concerning the L p - 
Sobolev spaces L p and the modulation spaces M p,q , the following the- 
orems are known. 

Theorem A (Miyachi [llj). Let 1 < p < oo, sGR and a > 1. Then 
e i\D\ a ^ b oun d e d f rom L p (R n ) to L P (R") if and only if s > an\l/p — 



Theorem B (Benyi-Grochenig-Okoudjou-Rogers [2]). Let 1 < p, q < 
oo, s G R and < a < 2. Then e i|D| " is bounded from M p ' q (R n ) to 
M p ' q (R n ). 

Theorem C (Miyachi-Nicola-Rivetti-Tabacco-Tomita [12] ) - Let 1 < 

p,q < oo, s G R and a > 2. Then e*' D ' a is bounded from Mf ,l3 (R ?1 ) to 
M p ' q (R n ) if and only if s > (a- 2)n\l/p- 1/2|. 

Theorem A says that the operator e*' D ' a is not bounded on L p (R n ), 
and we have generally a loss of regularity of the order up to an\l/p — 
1/2|. Theorem B describes an advantage of modulation spaces because 
we have no loss in the case < a < 2 or smaller loss in the case a > 2 
if we consider the operator e*' D '" on these spaces. 

Then what is the exact order of the loss when we consider the oper- 
ator e*' D '" between LP spaces and modulation spaces. We can answer 
this question by using our main theorem. The case < a < 2 is rather 
simple, and we have the following results: 

Theorem 5.1. Let 1 < p, q < oo, s e R and < a < 2. Then e i|D|a is 
bounded from Mf>«(R n ) to i7(R n ) if and only if Mf-«(R n ) ^ L p (R n ). 

Proof. Assume that e i|D| " is bounded from M p ' q (R n ) to L p (R n ): 





1/2|. 



e* |D| 7lU, < 
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Note that e" i|D|a is also bounded from Mf'"(R n ) to L p (R n ). Then by 
taking / = e~ l ' D ' Q g we have 

\\9\\lp ^ ||e~ l|D| g\\ M p q ^ IMIm?' 9 , 

which means that Mf> 9 (R") ■=— >■ L P (R") by the equation e^7 = 
e-iprj. Conversely assume that Mf' 9 (R") L p (R n ). Since e^l" 
is bounded on Mf' 9 (R n ) by Theorem B, we have 

l|e 4|D| 7lU, < ||e 4|D| 7lU/- < II/IIm-, 
which means that e^l" is bounded from Aff'«(R n ) to I7(R n ). □ 

The following corollary is straightforwardly obtained from Theorem 
15.11 and Theorem 11.41 The second part is just the dual statement of 
the first part: 

Corollary 5.2. Let 1 < p, q < oo, s e R and < a < 2. Then e i|jD|Q 
is bounded from Mf' 9 (R n ) to L p (R n ) z/ and only if one of the following 
conditions is satisfied: 

(1) q < p < oo and s > — nh> 2 (p, g); 

(2) p < q and s > —nu 2 (p, q); 

(3) p = oo, q = 1, and s > —nu 2 (oo, 1); 

(4) p = oo, q 7^ 1, and s > — nz/ 2 (oo, g), 

and /rom Lf (R n ) to M p,q (R n ) if and only if one of the following con- 
ditions is satisfied: 

(5) q > p > 1 and s > nui(p, g); 

(6) p > q and s > nvi{p, g); 

(7) p — 1, q — oo, and s > nui(l, oo); 

(8) p — 1, q ^ oo and s > nvi(l, q) . 

For a > 2, we have the following results: 

Theorem 5.3. Let I < p, q < oo, s E K and a > 2. Then e i|D|a is 
bounded from M™ {a __ 2)nll/p _ m (R n ) to L P (R") i/M™(R") L P (R"). 

Proof. Assume that Mf> 9 (R n ) ■=— >■ L p (R n ). Since e i|D|Q is bounded 
from Mf; 9 (a _ 2)n|1/p _ 1/2| (R n ) to Mf' ? (R n ) by Theorem C, we have 

lk-' D '7lk,<lk-' D '7lU,»<ll/llM f , % _ 2WVr _ 1/I| , 

which means that e l ' D ' Q is bounded from ^f+( a _ 2 )„|i/ p -i/2| (-^- n ) to £ P (R")- 

□ 

The following corollary is obtained from Theorem 15.31 Theorem 11.41 
and the duality argument again: 
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Corollary 5.4. Let 1 < p, q < oo, s e R and a > 2. Then e i|D|a is 
bounded from Mf' q (Ii n ) to L p (R n ) if one of the following conditions is 
satisfied: 

(1) q < p < oo and s > — nz/ 2 (p, q) + (a — 2)n|l/p — 1/2 j ; 

(2) p < q and s > —nu 2 (p, q) + (a — 2)n|l/p — 1/2|; 

(3) p = oo, q = 1, and s > — nz/ 2 (oo, 1) + (a — 2)n|l/p — 1/2 1 ; 

(4) p = oo, q 7^ 1, and s > — nz/ 2 (oo, g) + (a — 2)n|l/p — 1/2|, 

and /rom L^(R n ) to M p,,7 (R n ) if one o/ t/ie following conditions is 
satisfied: 

(5) g > p > 1 and s > nu\(p, q) + (a — 2)n|l/p — 1/2|; 

(6) p > q and s > nvi(p, q) + (a — 2)n|l/p — 1/2 1 ; 

(7) p = 1, q = oo, and s > nui(l, oo) + (a — 2)n|l/p — 1/2 1 ; 

(8) p = 1, q 7^ oo and s > n^i(l, q) + (a — 2)n|l/p — 1/2 1 . 

Although the converse of Theorem 15.31 is not true, we believe that 
the converse of Corollary 15.41 is still true. In fact we have at least the 
following result: 

Theorem 5.5. Let 1 < p, g < oo, s G R and a > 2. Suppose that e 1 ^" 
is bounded from Mf ,q (R n ) to L p (R n ). Then we have s > — nz/ 2 (p, g) + 
(a — 2)n|l/p — 1/2 1 . Suppose that e l ' D ' a is bounded from L^(R n ) to 
M p ' g (R n ) instead. Then we have s > nui(p,q) + (a — 2)n|l/p — 1/2 1. 

To prove Theorem 15.51 we use the following lemma. 

Lemma 5.6. Let 1 < p, g < oo, s G R and a > 0. Then 

(6) mw(k)-'\\<p(D-kyW a \\ v ^ < He^llMf^, 

where <p is a function satisfying ([I]) . 

Proof. Let N be a positive integer such that 



\e\<N 
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for all k G Z n . Then we have 

I D' 



\<p{D - k)e*W f\\i 



< \\e llDl \\ M f^L P \MD-k)f\\ MS , 

1/1 



e i|D|Q |U/-^( £ (mr\MD-mMD-k)f\\l P ) 



<(kyy\ D \ a \\ MS ^ LP \\f\\ LP 



for / G iS(R n ) and g ^ oo. We have easily the same conclusion for 
q = oo. Hence, we obtain the desired result. 

□ 

Remark 5.7. We remark that since 



i i\D\ a ii 



sup (ky s y(D~k)e l ^ a \\ LP ^ LP 



fcez ,; 



for 1 < p, q < oo, s G R (see [T2l Lemma 2.2]), we have 
ll^Pril < \\J\D\ a \\ 

for all 1 < p,q,q < oo. 

Now, we prove Theorem 15.51 

Proof of Theorem \5.5i Since the latter is just the dual statement of the 
former, we prove only the former. Suppose that e 4 ' 15 '" is bounded from 
Mp q (R n ) to L p (R n ): 

(7) l|e l|D| 7lU, < II/IIm-, /eS(R»). 

(i) Let g < rnin(p,p'). By the necessary condition of Theorem C and 
Remark |5.7[ we have s > (a — 2)n\l/p — 1/2|. Since ^(p, ?) = 0, we 
obtain the desired result. 

(ii) Let 1 < p < 2 and p < q < p'- Note that inequality (jTJ) can be 
written as 

(8) \\e ilDla (D)- s f\\ LP <\\f\\ MP , g , feS(R n ) 

by the lifting property. Here, we denote (D)~ s f = {(-)~ s f{-)) v f° r 
s G R. 

Let g G <S(R n ) be such that 
(9) 

supp g C {£ | T x < |e| < 2} and £(£) = 1 on {£ | 2" 1 / 2 < |£| < 2 1 / 2 }, 
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and test (jEJ) with a specific / = U\g, A > 1. Since 

e W a ( D )- s U x g = U x (e^ D \ a (XD)- s g), 
it follows from Theorem 12.21 that 

\- n/p \\e ilXD \ a (\D}- s g\\ LP < \ ntil{p > q) \\g\\ M ™- 

On the other hand, by the change of variable x h- > \ a x and the 
method of stationary phase, we obtain 



J\XD\ a 



^D)- s g\\ LP 



Jx-£+i\\£\ a 



R" 



LP 



yan/p 



S\ a {x-£.+\e,\ a ) 



' R n 

^> yan/p—an/2—s 



LP 



Combining these two estimates, we get 

\ nii\(p,q)-\-n/p— an/p+an/2+s ^> j 

for all A > 1. Letting A — > oo yields the necessary condition 

s > —n(l/q — 1) — n/p + cm/p — an/2 
= (a — 2)n(l/p — 1/2) + n/p — n/q 
= (a - 2)n\l/p - 1/2 1 - 7ii/ 2 (p, <?), 

since fii(p, q) — 1/q — 1 and v-i(p,q) = —l/p+ 1/q. 
(hi) Let 2 < p < oo and p' < q < p. By duality, we have 



-i|D|< 



f\\is S 



M p',y 



, feS(R n ). 



So, we have only to prove the following lemma. 

Lemma 5.8. Let 1 < p' < 2,p' < q' < p and sGR. Ife^ D ^ is bounded 
from LP' (R n ) to M p '' q '(K n ), then s > (a - 2)n\l/p - 1/2| - nv 2 (p, q). 

Proof of Lemma l57R Set / = U\g,\ > 1, where g is a function satis- 
fying (Q. Then, by Lemma [2.21 we have 

l|e iPI 7lUv = \\e ma U x g\\ MpW 

= \\U x (e^ a g)\\ Mpiy 
>\ nMp '^\\e llXDla g\\ MP 'y. 



18 



MASAHARU KOBAYASHI AND MITSURU SUGIMOTO 



In the same way as (ii), we obtain, by the change of variable x h- > \ a x 
and the method of stationary phase, 



J\\D\> 



9\\mp' 



J2MD-k)e^ gr >\ 
\kez n / 



l/q' 



> 



me 



ix-(,+i\\£,\ a 



dim 



R n 

yan/p' 



LP 1 



R" 



LP' 



^> yan/p 1 —an/2 



Hence, we have 



On the other hand, we have 



\U x g\\ LP ,^\~ n lv'\ s . 



Combining these two estimates, we obtain 

ys-n/p' -nti 2 (p' ,q')-an(l/p' -1/2) > ^ 

for all A > 1. Letting A — > oo yields the necessary condition 

s > an(l/p' - 1/2) + n/p + n(-2/p' + l/q) 
= (a - 2)n{l/p' - 1/2) + 2n(l/p' - 1/2) + n/p' + n(-2/p' + l/q') 
= (a- 2)n(l/p' - 1/2) + n(l/p' + 1/g - 1) 
= (a - 2)n(l/2 - l/p) + n(l - 1/p - l/q) 
= (a - 2)n\l/p - 1/2| - nu 2 (p, q), 

since ^(p', <?') = — 2/p' + l/q' and z/ 2 (p, g) = l/p + 1/g — 1. □ 

(iv) Let 2 < p < oo and p < q. Contrary to our claim, suppose that 
there exists £ > such that s = (a — 2)n\l/p— 1/2 1 — nz/ 2 (p, q)— e implies 
(JTj). Then, by interpolation with the estimate for a point Q(l/pi, l/qi) 
with 2 < pi < oo,p[ < q\ < p\ and s = (a — 2)n| 1 /pi — 1/2 1 — nz/ 2 (pi, gi) 
(which holds by Corollary l5.4p . one would obtain an improved estimates 
of the segment joining P(l/p, l/q) and Q(l/p\, l/qi), which is not pos- 
sible. In the same way as above, we can treat the case 1 < p < 2 and 
p' < q, and we have the conclusion. 
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1/g 
1 



1/2 



1/2 1 l/v n 

5.2. Pseudo-differential operator. Let £) be a function on R" x 
R n . Then the pseudo-differential operator a (X, D) is defined by 

*>)/<*> = ^ / ( 2 . » (4* • { ) 

We give a condition for a w (X,D) to be bounded from M p > q (R n ) to 
L^(R n ). To this end, we recall the following fundamental results about 
a w (X,D) with a G M°°^(R 2n ). 

Theorem D (Sjostrand [13], [E]). Leta G M^-^R 2 "). Thena w (X,D) 
is bounded on L 2 (R"). Moreover, ifa w (X,D) is invertible on L 2 (R n ) ; 
tfien (^(X,/}))- 1 = r w (X,D) /or some r G M^^R 2 "). 

Theorem E (Grochenig-Heil [8]). Let 1 < p,q < oo and a E M^'^R 2 ™). 
T/ien o- w (X,L>) 2S bounded on M M (R n ). 

Now, we state our result which is an analog of Theorems 15.11 and 1 5 . 31 

Theorem 5.9. Let I < p, q < oo, s G R" and a G M 00 - 1 (R 2n ) . 

(1) IfMP>i(R n ) m> LP(R n ), thena w (X,D) is bounded from M p ' q (R n ) 
to Lf(R n ). 

(2) Suppose that a w (X,D) is invertible on L 2 (R n ). Ifa w (X,D) is 
bounded from M p ' q (R n ) to I^(R n ), tfien .M p <<?(R n ) Z^(R n ). 

PROOF. (1) Since a w (X,D) is bounded on M p ' q (R n ) by Theorem E, 
we have 

\\a w (X,D)f\\ L * < \\a w (X,D)f\\ MP , q < \\f\\ MP , q , 

which means a w (X,D) is bounded from M p > q (R n ) to L p (R n ). 

(2) Since (a M/ (X, D))^ 1 = t w (X,D) for some r G M^'^R 2 ") and 

r (X, D) is bounded on M P,IJ (R™) by Theorems D and E, we obtain 

||/|| if = \\a w (X,D)r w (X,D)f\\ LPs < \\t w (X, D)f\\ M v,<i < \\f\\ M ™ 
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for / G S(R n ) C L 2 (R n ), which means M p ' q (R n ) c — >■ L p s (R n ). 

□ 

If we combine Theorem I5.9l and Theorem II .41 we have similar results 
to Corollaries 15.21 and 15.41 We will not state them explicitly but it is 
just a straightforward task. 
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